Lattice Fermions without Doublers by Cahill, Kevin
ar
X
iv
:h
ep
-la
t/9
50
80
13
v1
  9
 A
ug
 1
99
5
August 25, 2018 IPNO/TH 95-??
hep-lat/9508013
Lattice Fermions without Doublers 1
Kevin Cahill
Department of Physics and Astronomy, University of New Mexico
Albuquerque, New Mexico 87131-1156, U. S. A. 2
Division de Physique The´orique, 3 Institut de Physique Nucle´aire
91406 Orsay Cedex, France
Abstract
By placing fermions only on the even sites of a lattice, one may halve
the momentum spectrum and construct a theory without doublers. The
interaction is nonlocal. The fermion propagator is not a sparse matrix,
but because the unwanted fermionic states are absent from the formalism,
it is 256 times smaller than the usual propagator.
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1 Introduction
It is well known that the use of the natural discretization [1] of the Dirac action
leads to 16 extra states in 4 dimensions. The standard remedies are Wilson
fermions [2] and staggered fermions [3, 4]. Neither is a happy fix.
The root of the doubler problem is that the natural discretization
Sn = a
4
∑
n
ψ(n)
{
−mψ(n)−
∑
µ
γµ
2ai
[ψ(n+ µˆ)− ψ(n− µˆ)]
}
(1)
of the euclidean action approximates the derivative by means of a gap of two
lattice spacings. In effect this factor of two doubles the momentum spectrum
and leads to 16 copies of the low-energy states. The usual Fourier series
ψ˜(p) =
1
N2
N∑
n1=1
N∑
n2=1
N∑
n3=1
N∑
n4=1
exp
[
−i
2pin · p
N
]
ψ(n), (2)
in which p is a four-vector of integers p = (p1, p2, p3, p4) with 1 ≤ pi ≤ N ,
diagonalizes the action Sn
Sn = a
4
N∑
pi=1
ψ˜(p)
[
−m−
4∑
µ=1
γµ
a
sin
(
2pipµ
N
)]
ψ˜(p). (3)
Since {γµ, γν} = −2δµ,ν , the lattice propagator is
1
a3
−ma+
∑
µ γµ sin
(
2pipµ
N
)
m2a2 +
∑
µ sin
2
(
2pipµ
N
) ; (4)
for m = 0 it has poles at pµ = N/2 and at pµ = N for each µ. (The points
pµ = 0 and pµ = N are the same.)
At the price of some nonlocality, we may leave out the unwanted states from
the start. Thus on a lattice of even size N = 2F , we may place independent
fermionic variables ψ(2n) and ψ(2n) only on the F 4 even sites 2n where n is a
four-vector of integers,
2n = (2n1, 2n2, 2n3, 2n4) (5)
and 1 ≤ ni ≤ F for i = 1, .., 4. To extend the variables ψ(2n) and ψ(2n) to
the nearest-neighbor sites 2n± µˆ, we first define the Fourier variables ψ˜(k) (and
ψ˜(k)),
ψ˜(k) =
1
F 2
F∑
n1=1
F∑
n2=1
F∑
n3=1
F∑
n4=1
exp
[
−i
2pin · k
F
]
ψ(2n) (6)
1
in which k is a four-vector of integers k = (k1, k2, k3, k4) with 1 ≤ ki ≤ F .
In terms of these Fourier variables, the dependent, nearest-neighbor variable
ψ(2n+ µˆ) is
ψ(2n+ µˆ) =
1
F 2
F∑
k1=1
F∑
k2=1
F∑
k3=1
F∑
k4=1
exp
i2pi
(
n+ µˆ
2
)
· k
F
 ψ˜(k). (7)
In a more-compressed notation, the dependent variable ψ(2n + µˆ) is a Fourier
series in the independent variables ψ(2m)
ψ(2n+ µˆ) =
1
F 4
∑
k,m
exp
i2pi
(
n+ µˆ
2
−m
)
· k
F
ψ(2m). (8)
Except in the µ direction, the sum over ki gives a Kronecker delta, and we have,
with no sum over µ,
ψ(2n±µˆ) =
1
F
F∑
l=1
F∑
mµ=1
exp
[
i
2pi
(
nµ ±
1
2
−mµ
)
l
F
]
ψ(2n+(2mµ−2nµ)µˆ). (9)
Let us define the lattice delta functions
δ±(2j) =
1
F
F∑
l=1
exp
[
i
2pi
(
± 1
2
− j
)
l
F
]
. (10)
Then the nearest-neighbor variables may be expressed as the sums
ψ(2n± µˆ) =
F−nµ∑
j=1−nµ
δ±(2j)ψ(2n+ 2jµˆ). (11)
The action with independent fields at only F 4 sites is
S = (2a)4
F∑
ni=1
ψ(2n)
{
−mψ(2n)−
4∑
µ=1
γµ
2ai
[ψ(2n+ µˆ)− ψ(2n− µˆ)]
}
, (12)
in which the sum is over 1 ≤ ni ≤ F as in eq.(6). In terms of the lattice delta
functions (10), this action is
S = (2a)4
F∑
ni=1
ψ(2n)
{
−mψ(2n)
−
4∑
µ=1
γµ
2ai
F−nµ∑
j=1−nµ
[
δ+(2j)− δ−(2j)
]
ψ(2n+ 2jµˆ)
}
. (13)
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We may now verify that there are no doublers. The Fourier series (6) and
(7) diagonalize the action (13)
S = (2a)4
F∑
ki=1
ψ˜(k)
[
−m−
4∑
µ=1
γµ
a
sin
(
pikµ
F
)]
ψ˜(k) (14)
in which all the sums over ki run from 1 to F . Now the lattice propagator is
1
a3
−ma+
∑
µ γµ sin
(
pikµ
F
)
m2a2 +
∑
µ sin
2
(
pikµ
F
) . (15)
For m = 0 this propagator has poles only at kµ = F , which is the same point
as kµ = 0. There are no doublers.
Gauge fields may be added in the usual way. In a gauge theory with a gauge
field Uµ(n) defined on the link (n, n+µˆ), one may construct the ordered product
U(2n, 2n+2jµˆ) of Wilson links Uµ(n) from site 2n+2jµˆ to site 2n for j > 0 as
U(2n, 2n+ 2jµˆ) = Uµ(2n)Uµ(2n+ µˆ) . . . Uµ(2n+ (2j − 1)µˆ) (16)
and for j < 0 as
U(2n, 2n+ 2jµˆ) = U †µ(2n− µˆ) . . . U
†
µ(2n− 2|j|µˆ). (17)
Thus one may covariantize the action (13) by inserting the line U(2n, 2n+2jµˆ)
S = (2a)4
F∑
ni=1
ψ(2n)
{
−mψ(2n)
−
4∑
µ=1
γµ
2ai
F−nµ∑
j=1−nµ
[
δ+(2j)− δ−(2j)
]
U(2n, 2n+ 2jµˆ)ψ(2n+ 2jµˆ)
}
.(18)
Because of the lack of locality, the fermion propagator is not a sparse matrix.
On the other hand, there are only one-sixteenth as many fermionic variables and
so the fermion propagator is smaller by a factor of 256. The present formalism
of thinned fermions therefore may be useful in practise as well as in principle.
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